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Abstract: The potential of polarized, high-luminosity, moderate-energy e+e− col-
liders for performing unique measurements in fundamental QCD is described, with
particular reference to the proposed Super-B facility. An extensive programme of
2-photon physics is proposed, focusing on measurements of the polarized photon
structure functions gγ1 and g
γ
2 and pseudoscalar meson transition functions. The
experimental requirements for Super-B to make the first measurement of the first
moment sum rule for the off-shell polarized photon structure function gγ1 (x,Q
2;K2)
are described in detail. Cross-section formulae and experimental issues for investiga-
tions of NLO and higher-twist effects in gγ1 and g
γ
2 together with exclusive 2-photon
meson production are presented. This programme of QCD studies complements the
core mission of Super-B as a high-luminosity B factory investigating flavour physics
and rare processes signaling new physics beyond the standard model.
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1. Introduction
High-luminosity, moderate energy e+e− colliders open a window on a wide and inter-
esting range of phenomena in QCD. They provide an especially clean environment
where many fundamental aspects of QCD itself can be studied without the com-
plication of bound-state hadronic targets. With polarized beams, they provide the
ideal conditions to study the polarized photon structure functions gγ1 and g
γ
2 , includ-
ing moment sum rules and higher-order perturbative QCD and higher-twist effects,
U(1)A dynamics and anomalies, the gluon topological susceptibility, exclusive pseu-
doscalar meson production and transition functions, chiral symmetry breaking and
vector meson dominance, amongst many others.
Super-B [1–4] is a high-luminosity, asymmetric e+e− collider to be built at the
Cabibbo Laboratory at the University of Rome ‘Tor Vergata’ campus, with commis-
sioning expected in 2017. It is conceived as a B factory, with asymmetric e+ and e−
beams with CM energy initially tuned to the Υ(4S) resonance at
√
s = 10.58 GeV
and luminosity 1036 cm−2s−1 corresponding to an annual integrated luminosity in
excess of 12 ab−1. It is designed to study precision flavour physics and rare events
with a view to discovering signals of new physics beyond the standard model. The
extensive scope of this physics programme is described in detail in ref. [2] while de-
scriptions of the accelerator and detector can be found in refs. [3] and [4] respectively.
Importantly, it is planned that from the outset the electrons in the low-energy ring
will be polarized, with efficiencies of over 70% [5]. This will be achieved by inject-
ing tranversely polarized electrons and using a system of spin rotators to produce a
longitudinally polarized beam within the interaction region.
In this paper, we point out that in addition to its core flavour physics mission,
Super-B has the potential to perform unique studies of polarization phenomena in
QCD through a complementary programme of polarized 2-photon physics. To illus-
trate this potential, we describe in detail a number of QCD measurements, focusing
on the polarized photon structure functions gγ1 and g
γ
2 and pseudoscalar meson tran-
sition functions, explaining the accelerator and detector requirements for these to be
made at Super-B.
Foremost amongst these is the first moment sum rule for the polarized photon
structure function gγ1 (x,Q
2;K2), where Q2 and K2 are the invariant momenta of
the scattered and target photon respectively, as measured in the inclusive process
e+e− → e+e−X in the deep-inelastic regime (see Fig. 1). This was first proposed by
Narison, Shore and Veneziano in 1992 [6,7], though only now has collider technology
evolved to the point where a detailed experimental verification has become possible.
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We emphasise that, in contrast to experiments using real back-scattered laser photons
as the target, the target photons in e+e− scattering are in principle virtual and indeed
almost all the interesting QCD physics resides in the K2-dependence of the sum rule.
The sum rule can be written as [6, 8]:∫ 1
0
dx gγ1 (x,Q
2;K2) =
1
18
α
pi
(
1− αs(Q
2)
pi
)
×
[
3F 3(K2) + F 8(K2) + 8F 0(K2;µ2) exp
∫ t(Q2)
t(K2)
dt′γ(αs(t′))
]
, (1.1)
in terms of non-perturbative form factors F a(K2) which characterise the anomalous
three-current AVV correlation function 〈0|Jaµ5(0) Jλ(k) Jρ(−k)|0〉. Here, γ(αs) is
the anomalous dimension of the flavour singlet axial current, t(Q2) = 1
2
log(Q2/µ2),
and we assume three dynamical quark flavours, so a = 3, 8 denote SU(3) flavour
generators with a = 0 the singlet. The AVV correlator is an important quantity in
non-perturbative QCD and encodes a wealth of information about anomalies, chiral
symmetry breaking and the validity of widely used models such as vector meson
dominance. First-principles theoretical calculations are challenging and the oppor-
tunity to compare with direct experimental measurements for a variety of external
momenta will be valuable.
For real photons, K2 = 0, electromagnetic gauge invariance implies the simple
sum rule ∫ 1
0
dx gγ1 (x,Q
2; 0) = 0 , (1.2)
first derived by Bass [9] (see also refs. [6, 7, 10]). For target photons with invariant
momenta in the range m2ρ  K2  Q2, the sum rule is determined entirely by
the electromagnetic U(1)A anomaly with perturbative QCD corrections given by
Wilson coefficients together with the anomalous dimension related to the QCD U(1)A
anomaly. It was shown in ref. [6] that to NLO, i.e. O(ααs),∫ 1
0
dx gγ1 (x,Q
2;K2) =
2
3
α
pi
[
1− αs(Q
2)
pi
+
4
9
(
αs(Q
2)
pi
− αs(K
2)
pi
)]
. (1.3)
Note that the overall normalisation factor is Nc
∑
f eˆ
4
f , proportional to the fourth
power of the quark charges eˆf , corresponding to the lowest order box diagram con-
tributing to gγ1 . This result was verified in refs. [11, 12] and subsequently extended
to NNLO, O(αα2s), in ref. [13].
In order to verify the first moment sum rule experimentally, we require polarized
beams and a sufficiently high luminosity to allow the spin asymmetry of the cross-
section to be measured, recalling [6] that it is kinematically suppressed by a factor
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of Q2min/s relative to the total cross-section. This factor also explains why colliders
with moderate CM energy
√
s are favoured for this type of QCD spin physics. Identi-
fication of the target photon virtuality K2 is most clearly done by tagging the target
electron,1 though this is experimentally challenging for the small angles necessary to
access the non-perturbative region K2 ' m2ρ. The perturbative sum rule (1.3), for
K2 & 1 GeV2 is more readily measurable. These experimental issues are discussed
in detail in section 5, after we derive the relevant cross-section moment formulae
in section 2. It is important here that all these formulae are derived without use
of the conventional ‘equivalent photon’ formalism (see, e.g. refs. [14, 15], since the
K2-dependence of the target photon is crucial.
If the azimuthal angle between the planes of the scattered and target electrons is
also measured, then we can identify the second polarized photon structure function
gγ2 (x,Q
2;K2). This is of additional theoretical interest since it receives contributions
from both twist 2 and twist 3 operators in the OPE analysis of deep inelastic scat-
tering. Following ref. [16], we show how to isolate the twist 3 contribution, then
derive cross-section formulae to use the azimuthal angle dependence of the scattered
electrons to distinguish the structure functions and determine gγ2 .
In refs. [6–8,17], it was shown how the non-perturbative form factors F a(K2) can
be related to the off-shell transition functions gPγ∗γ∗(0, K
2, K2) of the pseudoscalar
mesons P = pi, η, η′. An important subtlety arises in the flavour singlet sector, where
the QCD U(1)A anomaly means that the equivalent result for the η
′ also involves the
gluon topological susceptibility, the key non-perturbative quantity which controls
much of the U(1)A dynamics of QCD. In fact, the pseudoscalar meson transition
functions can be measured directly for different photon virtualities via the exclusive
two-photon production reaction e+e− → e+e−P (see Fig. 2) even with unpolarized
beams. Such measurements have already been made at CELLO [18], CLEO [19] and
BABAR [20–22] for transition functions gPγ∗γ(m
2
P , Q
2, 0) with one virtual and one
assumed real photon. Here, in section 4, we derive cross-section formulae relevant to
polarized beams and discuss what may be learned more generally from measurements
of meson transition functions at Super-B. In addition to their intrinsic interest, these
are important in theoretically determining the virtual light-by-light γ∗γ∗ → γ∗γ∗
scattering amplitude, which is itself a key part of the hadronic contribution which is
the major uncertainty in reconciling theoretical predictions with experimental mea-
surements of g − 2 for the muon [23].
This theoretical analysis of the polarized photon structure functions and pseu-
doscalar meson transition functions is presented in sections 2-4, with extensive ref-
erence to our earlier papers [6–8, 17, 24–26]. See also refs. [12, 13, 16, 27–34] for a
1For simplicity, we use the term ‘electron’ to denote either the electron or positron beam.
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selection of further papers on the gγ1 and g
γ
2 photon structure functions, mainly from
a parton perspective. Here, our focus is on deriving cross-section formulae and in-
vestigating the experimental requirements to measure gγ1 (x,Q
2;K2), g2(x,Q
2;K2)
and gPγ∗γ∗ at a high-luminosity, polarized e+e− collider. In the final section, we turn
more specifically to Super-B and investigate the cross-sections and experimental cuts
necessary to measure the first moment sum rule for gγ1 with the design CM energy
and luminosity. We will also consider what detector requirements are necessary to
realise the full potential of Super-B as the collider of choice to investigate polarized
QCD phenomenology.
2. Polarized Photon Structure Functions gγ1 and g
γ
2
In this section, we show how to determine the polarized photon structure func-
tions gγ1 (x,Q
2;K2) and gγ2 (x,Q
2;K2) and their moments from the inclusive process
e+e− → e+e−X (hadrons) shown in Fig. 1.
p1
p1
p2
p2
X
q
k
Figure 1: Kinematics for the inclusive two-photon reaction e+e− → e+e−X hadrons.
We begin with some kinematics. The total cross-section is given by integrating
over the phase space of the scattered electrons, a total of 6 degrees of freedom.
However, by symmetry only the relative azimuthal angle φ = φ1−φ2 of the scattering
planes of the electrons is physically relevant, so we need to specify only 5 Lorentz
invariants. We choose these to be Q2 = −q2, K2 = −k2, νe = p2.q, ν¯e = p1.k and
ν = k.q. The deep-inelastic limit is Q2, νe, ν →∞ with xe = Q2/2νe and x = Q2/2ν
fixed. Note that while we use the analogous notation for the ‘target’ electron, neither
K2 nor ν¯e is assumed to be large, and indeed we are most interested in the regime
K2/Q2  1, with K2 less than around 1 GeV2.
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In terms of the momenta and angles of the scattered electrons in the lab frame,
we define pµ1 = (E1, 0, 0, E1) and p
′µ
1 = (E
′
1, E
′
1 sin θ1 cosφ1, E
′
1 sin θ1 sinφ1, E
′
1 cos θ1),
in the limit where we neglect the electron mass, and similarly for pµ2 and p
′µ
2 , noting
that for an asymmetric collider like Super B, E1 6= E2. We then have, with s =
(p1 + p2)
2 = 4E1E2,
Q2 = 4E1E
′
1 sin
2 θ1
2
K2 = 4E2E
′
2 sin
2 θ2
2
νe = 2E2
(
E1 − E ′1 cos2
θ1
2
)
ν¯e = 2E1
(
E2 − E ′2 cos2
θ2
2
)
ν =
2
s
(
νeν¯e +
1
4
K2Q2
)
+ kT qT cosφ (2.1)
where we define qT (kT ) as the magnitude of the transverse component of q
µ(kµ), so
that
q2T = Q
2
(
1− 2νe
s
)
, k2T = K
2
(
1− 2ν¯e
s
)
. (2.2)
The on-shell condition for the electrons determines p1.q = −12Q2 and p2.k = −12K2
so these are not independent variables. Also note that ν = 1
2
(Q2 +K2 +W 2), where
W 2 is the total hadronic invariant momentum.
The complete set of 5 kinematic variables is therefore the measurable quantities
E ′1, θ1, E
′
2, θ2, φ, which determine the invariantsQ
2, K2, νe, ν¯e, ν. We will be concerned
with cross-sections that are differential with respect to different subsets of these 5
invariants. Note that the azimuthal dependence φ is encoded in ν¯e once νe and
ν are fixed. For the theoretical discussion, we assume that the target electron is
tagged, with E ′2 and θ2 (as well as φ) being measured directly. The experimental
issue of whether this is possible for the interesting range of K2, or whether it would
be necessary to try to reconstruct the scattered target electron momentum from a
knowledge of the total hadronic momentum, is discussed later.
The photon structure functions are defined from the Green function Tµνλρ(q, k) =
〈0|Jµ(q)Jν(−q)Aλ(k)Aρ(−k)|0〉.2 There are two independent Lorentz structures,
which we denote [11,12] as Iµνλρ and Jµνλρ where
Iµνλρ = −νµναγλρβγqαkβ
Jµνλρ = Iµνλρ − µναγλρβδqαqβkγkδ . (2.3)
The structure functions gγ1 and g
γ
2 are then given in terms of the antisymmetric part
of Tµνλρ as follows:
1
pi
ImTAµνλρ =
1
2K4ν2
[
gγ1 (x,Q
2;K2) Iµνλρ + g
γ
2 (x,Q
2;K2) Jµνλρ
]
. (2.4)
2Note that we use the Green function with Aλ, Aρ rather than four currents to allow for the
direct coupling from the operators involving F 2 and FF˜ occurring in the OPE for Jµ(q)Jν(−q).
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The usual leptonic tensor for electrons with helicity h1/2, where h1 = ±1, is
defined as:
Lλρ(p1, h1; q) = 4p1λp1ρ − 2(p1λqρ − p1ρqλ) + q2gλρ + 2ih1λρστpσ1qτ , (2.5)
and it is convenient to define the antisymmetric part,
LAλρ(p1; q) = 2iλρστp
σ
1q
τ . (2.6)
We then find
1
pi
ImTAµνλρ(q, k)L
λρ(p2, h2; k) = −2ih2K2 1
ν
µναγq
γ
[
gγ1 (p
α
2 − 12kα) + gγ2
(
pα2 −
νe
ν
kα
)]
(2.7)
and (compare ref. [16], appendix A)
Lµν(p1, h1; q)
1
pi
ImTAµνλρ(q, k)L
λρ(p2, h2; k)
= −4h1h2K2Q2 1
ν2
[
gγ1 (s+
1
2
ν − νe − ν¯e) + gγ2
(
s− 2νeν¯e
ν
)]
. (2.8)
The cross-section polarization asymmetry ∆σ = 1
2
(
σ(++)−σ(+−)) is then given
as an integral over q and k as follows:
∆σ =
α3
4pi2
1
s
∫
d4q δ
(
p1.q +
1
2
Q2
) ∫
d4k δ
(
p2.k +
1
2
K2
)
× 1
Q4
LµνA (p1; q)
1
pi
ImTAµνλρ(q, k)L
λρ
A (p2; k) . (2.9)
Changing variables in the
∫
d4q integration, including the Jacobian factor 1/s, and
integrating over the irrelevant azimuthal angle
∫
dφ1 = 2pi using the cylindrical
symmetry, we find
∆σ =
α3
2pi
1
s2
∫
dQ2
∫
dνe
∫
d4k δ
(
p2.k +
1
2
K2
)
× 1
Q4
LµνA (p1; q)
1
pi
ImTAµνλρ(q, k)L
λρ
A (p2; k) . (2.10)
(i) gγ1 (x,Q
2;K2) and cross-section moments:
The first structure function gγ1 (x,Q
2;K2) and its moments can be isolated by
measuring the differential cross-section d3∆σ/dQ2dxedK
2. To see this, note that
under the full
∫
d4k integral we can effectively substitute ν¯e → sν/2νe +O(K2/Q2).
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The gγ2 dependence then drops out of eq.(2.8),
3 while the coefficient of gγ1 reorganises
into the familiar Altarelli-Parisi splitting function ∆Pγe(z) = 2− z, where z = xe/x,
and the standard kinematical factor (1−Q2/2xes) which arises in polarized cross-
sections. Then, rewriting the
∫
d4k in terms of the invariants K2, ν and the azimuthal
angle φ2, which we can then integrate over, we finally find:
∆σ =
α3
s
∫ ∞
0
dQ2
Q2
∫ 1
0
dxe
xe
∫ ∞
0
dK2
K2
∫ 1
xe
dx
x
∆Pγe
(xe
x
)
gγ1 (x,Q
2;K2)
(
1− Q
2
2xes
)
,
(2.11)
reproducing the result quoted in refs. [6, 8].4 In particular, x-moments of the struc-
ture function gγ1 (x,Q
2;K2) can be measured in terms of the xe-moments of the
polarization asymmetry of the differential cross-section as follows:∫ 1
0
dxe x
n
e
d3∆σ
dQ2dxedK2
=
α3
sQ2K2
∫ 1
0
dz zn−1∆Pγe(z)
∫ 1
0
dx xn−1 gγ1 (x,Q
2;K2) ,
(2.12)
where the integral over the splitting function factorises. (For simplicity, we have
assumed here that Q2/2xes  1 though this factor could easily be retained.) In
particular, for the first moment we have simply∫ 1
0
dxe
d3∆σ
dQ2dxedK2
=
3
2
α3
sQ2K2
∫ 1
0
dx gγ1 (x,Q
2;K2) , (2.13)
3In general, we may write ∫
d4k g(x,Q2;K2) kα = Apα2 +Bq
α
where, by making appropriate contractions,
A =
∫
d4k g(x,Q2;K2)
ν
νe
(
1− 1
2
K2Q2
ννe
)
, B =
∫
d4k g(x,Q2;K2)
(
−1
2
K2
νe
)
.
It follows immediately that∫
d4k g(x,Q2;K2)ν¯e =
∫
d4k g(x,Q2;K2)
sν
2νe
(
1− 1
2
K2Q2
ννe
+
1
2
K2Q2
sν
)
.
4Alternatively, as in refs. [6,8], we may apply the result in footnote 3 at the point of defining the
electron analogue of the usual hadronic tensor in deep-inelastic scattering, together with ‘electron
structure functions’ ge1(xe, Q
2), as follows:
WAµν =
α
(8pi)2
∫
d4k δ
(
p2.k +
1
2
K2
)
Lλρ(p2,+; k)
1
pi ImT
A
µνλρ(q, k) =
i
4νe
µναγp
α
2 q
γge1(xe, Q
2) ,
where
ge1(xe, Q
2) =
α
2pi
∫ ∞
0
dK2
K2
∫ 1
xe
dx
x
∆Pγe
(xe
x
)
gγ1 (x,Q
2;K2) ,
and we again see that only the dependence on gγ1 survives.
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the key point being that the cross-section is differential w.r.t. the standard DIS
variables Q2, xe and the target photon virtuality K
2 only, but with the dependence
on the azimuthal angle φ integrated out.
(ii) Azimuthal dependence and gγ2 (x,Q
2;K2):
Alternatively, we may retain the explicit dependence on the azimuthal scatter-
ing angle in the differential cross-sections, which allows us to measure the second
polarized structure function gγ2 (x,Q
2;K2). This time, we re-express the
∫
d4k in
eq.(2.10) directly as an integral over the invariants K2, ν and ν¯e, which encodes the
φ-dependence. Rearranging terms, we find:
∆σ =
α3
pi
1
s
∫ ∞
0
dQ2
Q2
∫ 1
0
dxe
xe
∫ ∞
0
dK2
K2
∫ 1
0
dx¯e
x¯e
∫ 1
xe
dx
x
Jˆ
×
[
gγ1
(
2− xe
x
)(
1− Q
2
2xes
)
+
(
2gγ2 +
xe
x
gγ1
)(
1− xK
2
xex¯es
)]
, (2.14)
where Jˆ = νeν¯eJ , with the Jacobian factor J (which we shall use explicitly in the
section on pseudoscalar meson production) given by
J−1 = 2|αβγδpα1pβ2qγkδ| = skT qT sinφ , (2.15)
or alternatively,
J−2 = K2Q2(s− 2νe)(s− 2ν¯e)− 4
(
1
2
sν − νeν¯e − 14K2Q2
)2
. (2.16)
Note that the first term in eq.(2.14) is the same as before, while the factor(
1− xK
2
xex¯es
)
=
(
1− 2νeν¯e
sν
)
=
1
sν
(
skT qT cosφ+
1
2
K2Q2
)
(2.17)
encodes the azimuthal dependence and allows gγ2 to be determined from the differ-
ential cross-section asymmetry.
(iii) Operator product expansion and sum rules:
In the deep-inelastic limit, the Green function Tµνλρ(q, k) can be evaluated using
the usual OPE for two electromagnetic currents,
iJµ(q)Jν(−q) = −iµνασqα
∑
n=1, odd
(
2
Q2
)n
qµ2 . . . qµn
×
[∑
E2,n(Q
2)Rσµ2...µn2,n (0) +
∑
E3,n(Q
2)Rσµ2...µn3,n (0)
]
, (2.18)
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where R2,n and R3,n are respectively twist 2 and twist 3 and we have shown only the
odd-parity operators,5 which contribute to gγ1 and g
γ
2 . Form factors Rˆ2,n(K
2) and
Rˆ3,n(K
2) are then defined as:
〈0|Rσµ2...µn2,n (0)Aλ(k)Aρ(−k)|0〉 =
i
K4
S
[
Rˆ2,n(K
2)kµ2 . . . kµnδβλρk
β
]
− traces (2.19)
〈0|Rσµ2...µn3,n (0)Aλ(k)Aρ(−k)|0〉 =
i
K4
A
[
Rˆ2,n(K
2)kµ2 . . . kµnδβλρk
β
]
− traces .
(2.20)
With these definitions, we find [16]
Tµνλρ(q, k) =
∑
n=1,odd
1
K4
(
2
Q2
)n
νn−2
[∑
E2,n(Q
2)Rˆ2,n(K
2)
(
Iµνλρ − n− 1
n
Jµνλρ
)
+
∑
E3,n(Q
2)Rˆ3,n(K
2)
n− 1
n
Jµνλρ
]
, (2.21)
and therefore identify the structure functions as:
gγ1 (x,Q
2;K2) =
2
pi
Im
∑
n=1, odd
∑
E2,n(Q
2)Rˆ2,n(K
2)x−n (2.22)
gγ2 (x,Q
2;K2) =
2
pi
Im
∑
n=1, odd
n− 1
n
[∑
E3,n(Q
2)Rˆ3,n(K
2)−
∑
E2,n(Q
2)Rˆ2,n(K
2)
]
x−n
(2.23)
The moment sum rules follow immediately. For the first structure function, we
have ∫ 1
0
dx xn−1gγ1 (x,Q
2;K2) =
∑
E2,n(Q
2)Rˆ2,n(K
2) . (2.24)
5The sum
∑
in eq.(2.18) is over the full set of operators, which comprises flavour singlet and
non-singlet quark bilinears together with photon and gluon operators (see e.g. refs. [6, 16, 35] for a
full list). For example, the singlet quark operators are the symmetric twist 2:
Rσµ2...µn2,n = i
n−1S [ψ¯γ5γσDµ2 . . . Dµnψ]
≡ in−1 1
n
[
ψ¯γ5γ
σDµ2 . . . Dµnψ +
n∑
j=2
ψ¯γ5γ
µjDµ2 . . . Dσ . . . Dµnψ
]
,
and the antisymmetric twist 3:
Rσµ2...µn3,n = i
n−1A [ψ¯γ5γσDµ2 . . . Dµnψ]
≡ in−1 1
n
[
(n− 1)ψ¯γ5γσDµ2 . . . Dµnψ −
n∑
j=2
ψ¯γ5γ
µjDµ2 . . . Dσ . . . Dµnψ
]
,
where symmetrisation over the indices (µ2, . . . µn) is understood.
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The important first moment sum rule is then∫ 1
0
dx gγ1 (x,Q
2;K2) =
∑
r=3,8,0
Er2,1(Q
2)Rˆr2,1(K
2) , (2.25)
where the only operators contributing for n = 1 are the axial currents Jrµ5, with form
factors defined from the three-current AVV Green function:
4piα〈0|Jrµ5(0)Jλ(k)Jρ(−k)|0〉 = iλρµαkαRˆr2,1(K2) . (2.26)
For the second structure function, we have the moment sum rule [16]∫ 1
0
dx xn−1gγ2 (x,Q
2;K2) =
n− 1
n
[∑
E3,n(Q
2)Rˆ3,n(K
2)−
∑
E2,n(Q
2)Rˆ2,n(K
2)
]
.
(2.27)
It follows immediately that the first moment of gγ2 vanishes,∫ 1
0
dx gγ2 (x,Q
2;K2) = 0 . (2.28)
This is the Burkhardt-Cottingham sum rule [36]. Following ref. [16], we can also
isolate the contribution of the twist 3 operators. If we define the function g¯γ2 as the
function whose moments are given by the twist 3 terms on the r.h.s. of eq.(2.27), it
is straightforward to show that
g¯γ2 = g
γ
2 + g
γ
1 −
∫ 1
x
dx′
x′
gγ1 (x
′, Q2;K2) . (2.29)
The second two terms, which therefore represent (minus) the twist 2 contribution to
gγ2 , reproduce the Wandzura-Wilczek [37] relation.
For our purposes, we have therefore shown how a measurement of the azimuthal
dependence of the differential cross-section asymmetry at a polarized e+e− collider
such as Super B enables the photon structure function gγ2 to be measured as well as
gγ1 . The relation (2.29) then provides a theoretically clean decomposition allowing
the contribution of the twist 3 operators in the OPE to be isolated and studied in
detail.
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3. First Moment Sum Rule for gγ1 (x,Q
2;K2)
The most interesting direct QCD measurement that could be made at a high-luminosity
polarized e+e− collider is the first moment sum rule for g1(x,Q2;K2). As shown
above, this probes the important anomalous 3-current AVV Green function, which
encodes a wealth of information on U(1)A physics, gluon topology and the realisation
of chiral symmetry (for a review, see ref. [17]).
There are two elements to the sum rule (2.25). First are the Wilson coefficients
which are well-known in perturbative QCD and are given to O(αs) by
Er2,1 = c
(r)
(
1− αs(Q
2)
pi
)
, r = 3, 8
E02,1 = c
0)
(
1− αs(Q
2)
pi
)
exp
[∫ t
0
dt′γ (αs(t′))
]
, (3.1)
where t = 1
2
log Q
2
µ2
. For Nc = 3 and with Nf = 3 effective dynamical flavours,
where r = 3, 8 labels the SU(3)f generators and r = 0 the singlet, the coefficients
c(r) are determined by the quark charges: c(3) = 1
3
, c(8) = 1
3
√
3
and c(0) = 2
9
. The
flavour singlet current is not conserved because of the U(1)A anomaly, which gives
rise to the non-vanishing anomalous dimension γ = −γ0 αs4pi −γ1 α
2
s
(4pi)2
− . . . with γ0 = 0
and γ1 = 6Nf (N
2
c − 1)/Nc = 48. It is important to note that this expansion only
starts at O(α2s). We also need the beta function: β = −β0 α
2
s
4pi
− β1 α3s(4pi)2 − . . . with
β0 =
2
3
(11Nc − 2Nf ) = 18.
The second element is the AVV Green function itself. In general, this is given in
terms of a set of six form factors A1, . . . , A6 by
−i〈0|Jrµ5(p)Jλ(k1)Jρ(k2)|0〉 = Ar1µλραkα1 + Ar2µλραkα2
+ Ar3µλαβk
α
1 k
β
2k2ρ + A
r
4µραβk
α
1 k
β
2k1λ
+ Ar5µλαβk
α
1 k
β
2k1ρ + A
r
6µραβk
α
1 k
β
2k2λ , (3.2)
where the form factors are functions of the invariant momenta: Ar1 = A
r
1(p
2, k21, k
2
2),
etc. For simplicity, we abbreviate Ari (0, k
2, k2) = Ari (K
2) below. The form factor
Rˆr2,1(K
2) in the first moment sum rule (2.25) is therefore simply
Rˆr2,1(K
2) = 4piα
(
Ar1(K
2)− Ar2(K2)
)
. (3.3)
The K2 = 0 limit of Rˆr2,1 is determined by electromagnetic current conservation
[6, 7, 9, 10]. The Ward identity ∂λJλ = 0 applied to the AVV function implies
ikλ1 〈0|Jrµ5(p)Jλ(k1)Jρ(k2)|0〉 = 0 , (3.4)
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and similarly for k1 → k2. Substituting the form factor decomposition, we find
Ar1 = A
r
3k
2
2 + A
r
5
1
2
(p2 − k21 − k22)
Ar2 = A
r
4k
2
1 + A
r
6
1
2
(p2 − k21 − k22) , (3.5)
so in the limit p → 0, k21 = k22 = −K2, the r.h.s. vanishes at K2 → 0 provided
none of the form factors is singular, as is the case in the absence of exactly massless
Goldstone bosons coupling to Jrµ5. It follows immediately that Rˆ
r
2,1(0) = 0, and so
the first moment of gγ1 for real photons vanishes:∫ 1
0
dx gγ1 (x,Q
2;K2 = 0) = 0 . (3.6)
The asymptotic limit for large K2 (while still retaining the DIS condition that
Q2  K2) can be deduced using the renormalization group together with the anoma-
lous chiral Ward identity for Jrµ5. This is:
∂µJrµ5 = drstmsφ
t
5 + 6Qδ
r0 + a(r)
α
8pi
F˜ µνFµν , (3.7)
where φr5 = ψ¯T
rγ5ψ and Q =
αs
8pi
trG˜µνGµν is the topological charge density. Gµν
and Fµν are the gluon and electromagnetic field strengths, and the quark masses are
written in SU(3)f notation as diag(mu,md,ms) =
∑
r=3,8,0mrT
r with drst the usual
d-symbols. The gluonic anomaly term involving Q arises only for the U(1)A flavour
singlet current J0µ5 while the final term is the usual electromagnetic axial anomaly,
with coefficients a(3) = 1, a(8) = 1√
3
and a(0) = 4 determined by the quark charges.
The AVV Green function therefore satisfies
ipµ〈0|Jrµ5(p)Jλ(k1)Jρ(k2)|0〉 = drstms〈0|φr5(p)Jλ(k1)Jρ(k2)|0〉
+ 6δr0〈0|Q(p)Jλ(k1)Jρ(k2)|0〉+ a(r) 1
8pi2
λραβk
α
1 k
β
2 , (3.8)
which in the limit p→ 0 implies
Ar1(K
2)− Ar2(K2) = Dr(K2) +Br(K2) +
1
8pi2
a(r) , (3.9)
whereDr andBr are form factors defined in the obvious way from the Green functions
involving φr5 and Q. To determine the large K
2 behaviour, note that the form factors
Ari (K
2) for the flavour non-singlet currents satisfy a homogeneous RG equation with
the standard solution in terms of running couplings and masses, while for the flavour
singlet there is an additional anomalous dimension contribution:
Ari (K
2;αs(µ);m) = A
r
i
(
µ2;αs(t); e
−tm(t)
)
r = 3, 8
A0i (K
2;αs(µ);m) = A
0
i
(
µ2;αs(t); e
−tm(t)
)
exp
[
−
∫ t
0
dt′ γ(αs(t′))
]
, (3.10)
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where here t = 1
2
log K
2
µ2
. Similar results hold for Dr(K2) and Br(K2). Clearly,
therefore, in the limit K2 → ∞ the mass term goes to zero and Dr(K2) does not
contribute. Moreover, for small αs(t), the contribution B
r(K2) of the topological
charge term, which is O(α2s), can be neglected at the NLO order we are working to
here. (See [13] for a discussion of the sum rule at O(α2sα).) We therefore deduce
Rˆr2,1(K
2 →∞) = 1
2
a(r)
α
pi
r = 3, 8
Rˆ02,1(K
2 →∞) = 1
2
a(0)
α
pi
exp
[
−
∫ t
0
dt′ γ(αs(t′))
]
. (3.11)
The asymptotic form of the sum rule then follows by combining eq.(3.1) for the
Wilson coefficients with eq.(3.11) for the form factors. We find [6]:∫ 1
0
dx gγ1 (x,Q
2;K2 →∞) =
∑
r=3,8,0
Er2,1(Q
2)Rˆr2,1(K
2)
=
1
2
α
pi
(
1− αs(Q
2)
pi
)[
c(3)a(3) + c(8)a(8) + c(0)a(0) exp
[ ∫ t(Q)
t(K)
dt′ γ(αs(t′))
]]
.
(3.12)
Finally, using αs(t)
4pi
' 1
β0t
and substituting for the c(r) and a(r) coefficients, we obtain
the result for Nc = Nf = 3 QCD at O(αsα) quoted in the introduction [6]:∫ 1
0
dx gγ1 (x,Q
2;K2 →∞) = 2
3
α
pi
(
1− αs(Q
2)
pi
)[
1 +
4
9
(
αs(Q
2)
pi
− αs(K
2)
pi
)]
.
(3.13)
Note that the overall coefficient is Nc
∑
f eˆ
2
f , i.e. proportional to the fourth power of
the quark charges eˆf as given by the lowest-order box diagram contributing to g
γ
1 .
For intermediate values of K2, we may rewrite the sum rule in the convenient
form∫ 1
0
dx gγ1 (x,Q
2;K2) =
1
18
α
pi
(
1− αs(Q
2)
pi
)
×
[
3F 3(K2) + F 8(K2) + 8F 0(K2;µ2 = K2) exp
[ ∫ t(Q)
t(K)
dt′ γ(αs(t′))
]]
, (3.14)
where we have introduced normalised form factors F r(K2) defined by
Ar1(K
2)− Ar2(K2) =
1
8pi2
a(r)F r(K2) . (3.15)
Note that in anomalous flavour singlet sector, with the choice of anomalous dimension
factor in eq.(3.15), the renormalization scale in F 0(K2;µ2) is specified as µ2 = K2.
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The form factors F r(K2) therefore interpolate between 0 for K2 = 0 and 1
for asymptotically large K2. The full momentum dependence of the sum rule for
g1(x,Q
2;K2) is governed by these form factors, which are in turn determined by the
AVV Green finction. A non-perturbative, first-principles calculation of this 3-current
Green function would therefore give a complete prediction for the first moment sum
rule for arbitrary photon virtuality K2.
In practice, this is still beyond current techniques and represents a challenge to
lattice gauge theory, QCD spectral sum rules, AdS/QCD and other non-perturbative
approaches to QCD. Indeed, this emphasises the importance of a direct experimental
measurementof the sum rule and the form factors F r(K2). As an interim measure
we can adopt a phenomenological approach, modelling the form factor by a sim-
ple interpolating formula such as F r(K2) ' K2/(K2 + M2) for some characteristic
crossover scale M2. For heavy quarks, this would be the quark mass itself. However,
for the light quarks, due to chiral symmetry breaking, we expect M2 to be a typical
hadronic scale, viz. M2 ∼ m2ρ for F 3(K2). This can be supported by a simple OPE
argument [6, 8]. If we evaluate the 3-current Green function by inserting an inter-
mediate pseudoscalar meson, then write the OPE for the remaining electromagnetic
currents for large K2, we have
〈pi|Jλ(k)Jρ(−k)|0〉 = − 2
K2
λρα
µkαE32,1(K
2)〈pi|J3µ5(0)|0〉+ . . . , (3.16)
which implies
F 3(K2 →∞) = 1− (4pi)
2
3
f 2pi
1
K2
+ . . . (3.17)
The crossover scale is then identified from this expansion as M2 ' (4pi)2
3
f 2pi ∼ m2ρ, as
would be expected in general terms from vector meson dominance.6
6The VMD analysis has been carried through in detail in ref. [12] to obtain a numerical estimate
of gγ1 (x,Q
2;K2) in the non-perturbative region. Essentially, VMD involves evaluating the AVV
correlation function by replacing the electromagnetic currents with the corresponding vector mesons
ρ, ω and φ. In our notation, ref. [12] quotes the following formula for the off-shell form factors:
F r(K2) = 1−
∑
V=ρ,ω,φ
cV
(
m2V
K2 +m2V
)2
=
∑
V=ρ,ω,φ
cV
K2(K2 + 2m2V )
(K2 +m2V )
2
where the couplings cV ∼ 1/f2V are constrained by
∑
V cV = 1. Note however that this gives a
different high K2 behaviour F r(K2) ∼ 1 + O(m4V /K4) from the OPE estimate above. See also
the discussion around eq. (190) of chapter 5 in ref. [23] and ref. [38], where this is discussed in the
context of the hadronic light-by-light contributions to the muon g − 2.
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4. Two-photon physics and pseudoscalar mesons
In this section, we consider other aspects of polarized two-photon physics accessible
at Super B, with a special focus on the pseudoscalar mesons P = pi, η, η′ and their
radiative transition functions gPγγ(k
2
1, k
2
2). As we shall see, these may be measured
for complementary values of the photon invariant momenta k21 and k
2
2 either from the
form factors arising in the gγ1 moment sum rule or by direct two-photon production
of the pseudoscalar mesons.
(i) Pseudoscalar mesons and the gγ1 (x,Q
2;K2) sum rule:
In the first approach, we use familiar PCAC ideas to rewrite the form factors char-
acterising the 3-current AVV function in terms of the pseudoscalar meson transition
functions by assuming the dominant contribution comes from the pseudo-Goldstone
boson intermediate states.7 This is not straightforward, as careful account has to
be taken of SU(3)f mixing and, especially, the interesting and subtle use of PCAC
in the anomalous U(1)A channel. This has been described in detail in our earlier
work [6, 7, 24–26], and specifically in ref. [8] where the following results were pre-
sented:
fpigpiγ∗γ∗(K
2, K2) =
α
pi
(
1− F 3(K2))
f8ηgηγ∗γ∗(K
2, K2) + f8η′gη′γ∗γ∗(K
2, K2) =
1√
3
α
pi
(
1− F 8(K2))
f0ηgηγ∗γ∗(K
2, K2) + f0η′gη′γ∗γ∗(K
2, K2) + 6AgGγ∗γ∗(K
2, K2;µ2) = 4
α
pi
(
1− F 0(K2;µ2))
(4.1)
The flavour singlet relation (4.1) is particularly interesting theoretically, since
it involves the non-perturbative constant A which determines the gluon topological
susceptibility in QCD [39,40]:
χ(0) ≡ 〈 Q Q 〉 = −A
[
1− A
∑
q
1
mq〈q¯q〉
]−1
. (4.2)
The corresponding transition function gGγ∗γ∗ determines the coupling of two photons
to a glueball-like operators G which is orthogonal to the physical η′. However, G does
7Notice, for example, that this actually gives the transition function gpiγγ for zero pion mo-
mentum. The extrapolation to the physical transition function for on-shell pions is assumed to be
smooth, in the spirit of conventional applications of PCAC to light, though not massless, pseudo-
Goldstone bosons. The same smoothness assumption is also made for the heavier η and η′.
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not necessarily correspond to a physical particle state so is not directly measurable.
In fact, theoretical arguments based on the 1/Nc expansion show that the 6AgGγ∗γ∗
term in (4.2) is sub-dominant, while an explicit fit of the transition functions and
SU(3)f -mixed decay constants (see ref. [26] for full details and experimental values)
shows that its relative contribution is likely to be only around 20%.
Setting this important subtlety to one side, we may therefore determine the
off-shell pseudoscalar meson transition functions gpiγ∗γ∗ , gη,γ∗γ∗ and gη′γ∗γ∗ in the
kinematical region where the photon invariant momenta are equal and cover the full
range of K2 accessible to the experimental measurement of the structure function
gγ1 (x,Q
2;K2).
(ii) Exclusive two-photon production and meson transition functions:
The second approach involves the direct measurement of the transition func-
tions for the pseudoscalar mesons P = pi, η, η′ through the two-photon production
reaction e+e− → e+e−P shown in Fig. 2 [15, 41, 42]. (See also ref. [43] for an early
review of two-photon physics at e+e− colliders.) This gives the transition functions
gPγ∗γ∗(Q
2, K2) where Q2 and K2 are measured directly provided the scattering an-
gles of both electrons are tagged. This may cover the whole range from Q2 values
typical of DIS to soft, nearly-real K2 as well as all intermediate values.
p1
p1
p2
p2
q
k
P
Figure 2: Kinematics for the two-photon pseudoscalar meson production reaction e+e− →
e+e−P .
The cross-section for e+e− → e+e−P is given by
σ =
1
2
α2
(2pi)4
1
s
∫
d4q δ
(
p1.q +
1
2
Q2
) ∫
d4k δ
(
p2.k +
1
2
K2
) 1
Q4K4
× Lµν(p1, h1; q)M †µλ(q, k)Mνρ(q, k)Lλρ(p2, h2; k) 2piδ(2ν −Q2 −K2 −m2P ) , (4.3)
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where
Mµλ(q, k) = −iµλαβqαkβgPγ∗γ∗(Q2, K2) (4.4)
is defined in terms of the off-shell transition functions.8 This is related to the inclusive
cross-section (2.9) by the optical theorem, which for the specific meson final state P
implies the substitution
4piαK4 ImTµνλρ → 1
2
M †µλ(q, k)Mνρ(q, k) 2piδ
(
(q + k)2 −m2P
)
. (4.5)
Notice that in deriving (2.9) no use has been made of the conventional ‘equivalent
photon’ formalism (see, e.g. refs. [14,15] and no assumption has been made that the
target photon is quasi-real. This is essential if we are to measure transition functions
covering the whole range of values of K2.
We can evaluate the integrand in this expression for the cross-section in the same
way as in section 2. Defining the symmetric part of the leptonic tensor of (2.5) as
LSµν(p1, q), we find
LµνS (p1, q)M
†
µλ(q, k)Mνρ(q, k)L
λρ
S (p2, k)
=
[
4J−2 + 4Q2K2
( (
ννe − 14Q2K2
)− ν2e + (νν¯e − 14Q2K2)− ν¯2e − 12 (ν2 −Q2K2) )]
× |gPγ∗γ∗|2 (4.6)
where J is the Jacobian factor in (2.16). Substituting for J , and after reorganising
terms on the r.h.s, we find the comparatively simple expression:[
4 (sν − 2νeν¯e)2 − 4Q2K2
((
s+ 1
2
ν − νe − ν¯e
)2
+ 1
4
(ν2 −Q2K2)
)]
|gPγ∗γ∗|2 . (4.7)
We recognise the first term here as that previously found in (2.17), which encodes
the dependence on the azimuthal scattering angle φ. To determine the polarization
asymmetry of the cross-section, we also require the contribution of the antisymmetric
part of the leptonic tensor:
LµνA (p1, q)M
†
µλ(q, k)Mνρ(q, k)L
λρ
A (p2, k)
= −4Q2K2(ν − 2νe)(ν − 2ν¯e) |gPγ∗γ∗|2 . (4.8)
8The on-shell transition functions are defined from the decays P → γγ by
M(λ1)(λ2)(q, k) = 〈γ(q)γ(k)|P 〉 = −iµλαβqαkβµ(λ1)(q)λ(λ2)(k)gPγγ ,
where µ(λ1)(q), 
λ
(λ2)
(k) are the photon polarization vectors. With this definition, the decay rate is
Γ(P → γγ) = m
3
P
64pi
|gPγγ |2 .
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Putting all this together, we find the following formula9 relating the differential
cross-section for the exclusive production reaction e+e− → e+e−P and the off-shell
pseudoscalar meson transition functions gPγ∗γ∗(Q2, K2):
d2σ(h1, h2)
dQ2dK2
=
α2
(2pi)2
1
s2Q4K4
∫ ∞
0
dνe
∫ ∞
0
dν¯e
∫ ∞
0
dν δ
(
ν − 1
2
(Q2 +K2 +m2P )
)
J
×
[
(sν − 2νeν¯e)2 −Q2K2
(
(s+ 1
2
ν − νe − ν¯e)2 + 14(ν2 −Q2K2)2
− h1h2(ν − 2νe)(ν − 2ν¯e)
)]
|gPγ∗γ∗(Q2, K2)|2 . (4.9)
This shows clearly how the off-shell transition functions gPγ∗γ∗(Q
2, K2), for the full
range of Q2 and K2, may be extracted from the exclusive differential cross-section.
Notice that in this case, where the produced hadron is a pseudoscalar, there is only
a single transition function (see eq.(4.4)) and so no extra information is obtained
from the polarization asymmetry of the cross-section. The transition functions can
therefore be obtained from an e+e− collider running even with unpolarized beams,
as was the case with BABAR. This is not true of higher-spin mesons, where knowing
the polarized cross-sections analogous to (4.9) will yield valuable new information.
This is especially relevant to γ∗γ∗ → γ∗γ∗ scattering, as discussed below.
Determining the pi, η, η′ transition functions in this way will complement other
low-energy experimental studies of η and η′ physics, and add to our understanding
of other processes such as η(η′) → V γ, where V = ρ, ω, φ and vector meson dom-
inance can be tested, or η′(η) → pi+pi−γ. For our purposes, it will also add to the
usefulness of the set of identities (4.1). An independent, direct measurement of the
off-shell transition functions gPγ∗γ∗(Q
2, K2) will allow the form factors F r(K2) to be
determined and used as input into the gγ1 (x,Q
2;K2) sum rule. It will also clarify
the role of the anomalous gluonic term in (4.1) and provide indirect experimental
information on the gluon topological susceptibility in QCD.
Here, we are primarily interested in γ∗γ∗ reactions where the target photon is off-
shell and both electrons are tagged (see also [45]). This complements the extensive
programme of γ∗γ, single-tagged, scattering off quasi-real photons which can also be
carried out at Super-B [46]. In addition to γ∗γ → P at high Q2, which is interpreted
[47] in terms of meson distribution amplitudes, there is considerable interest in γ∗γ →
9This may be compared with the corresponding cross-section formula in ref. [15], where exclusive
meson production in unpolarized e+e− scattering was first analysed. In particular, the two terms in
(4.7) can be recognised as B2, B1 in eq.(4.6) of ref. [15]. For polarized scattering, the term in (4.8)
may be identified as the antisymmetric spin 0 contribution τaTT to the γ
∗γ∗ → γ∗γ∗ cross-section
in ref. [44] (see next sub-section), which quotes a formula for the e+e− → e+e−X cross-section in
terms of the eight independent helicity amplitudes for light-by-light scattering.
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pipi, ρρ, etc. [15, 48, 49] which can be interpreted in terms of generalised distribution
amplitudes (GDAs), related to the GPDs used to analyse deeply-virtual Compton
scattering and the angular momentum decomposition of the nucleon. Reactions
producing hybrid mesons [50] are also of interest.
(iii) Light-by-light scattering:
Light-by-light scattering is a fundamental quantum process, interesting both in
its own right and because it arises theoretically in the calculation of the anomalous
magnetic moment g− 2 of the muon. Indeed, the hadronic contribution to the light-
by-light contribution is currently the major theoretical uncertainty, which in turn
constrains the interpretation of any anomalies in the muon g − 2 as a signal of new
physics beyond the standard model [23].
The imaginary part of the light-by-light scattering amplitude is related via the
optical theorem to the related process of γγ fusion. As discussed above, cross-
sections for γ∗γ∗ → X hadrons can be readily measured in e+e− colliders and a
high-luminosity, polarized machine such as Super B is ideally suited for this purpose.
Labelling the photon helicities by λ1,λ2, the imaginary part of the virtual light-
by-light forward scattering amplitude is written (compare eq.(4.5)) as
ImM(λ1)(λ2),(λ′1)(λ′2)(q, k) =
1
2
∑
X
∫
dΓX (2pi)
4δ(q + k − pX)
M†(λ1)(λ2)(q, k; pX)M(λ′1)(λ′2)(q, k; pX) , (4.10)
whereM(λ1)(λ2)(q, k; pX) is the amplitude for γ∗(q;λ1) + γ∗(k;λ2)→ X(pX), with X
denoting a hadronic state and dΓX the corresponding phase space measure. There
are a total of eight independent helicity amplitudes in ImM(λ1)(λ2),(λ′1)(λ′2), which can
be related to the cross-sections for γ∗γ∗ → X with different photon helicities and
spins of the hadronic state X. These are listed in full in ref. [44], together with the
corresponding dispersion relations. In particular, to make contact with the results
above, if the hadron is a pseudoscalar meson P then the only non-vanishing scattering
amplitudes M(λ1)(λ2) are those with the photons transversely polarized in the same
sense, and we can show from the definition in footnote 8 that
M++(q, k) = −M−−(q, k) = −4piα
(
ν2 −Q2K2)12 gPγ∗γ∗(Q2, K2) . (4.11)
The other light-by-light helicity amplitudes M(λ1)(λ2)(λ′1)(λ′2)(q, k) are similarly deter-
mined from measurements of the γ∗γ∗ amplitudes M(λ1)(λ2)(q, k; pX), which are in
turn measured from the exclusive e+e− → e+e−X cross-sections for different hadronic
states and electron polarizations.
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So once more we see from a different perspective the importance of measuring
the off-shell meson transition functions. In particular, we want to highlight the
close connection between the form factors describing low-energy pseudoscalar meson
decays, the light-by-light scattering amplitudes relevant to the muon g − 2, and
the first moment sum rule for the photon structure functions gγ1 (x,Q
2;K2). This
whole rich spectrum of complementary QCD phenomena would be experimentally
accessible given a dedicated programme of two-photon physics at Super B.
5. QCD at Super-B
In this final section, we use the design parameters of Super-B to investigate the fea-
sibility of the programme of two-photon QCD physics described above, with partic-
ular focus on the possibility of verifying the first moment sum rule for gγ1 (x,Q
2;K2).
Here, the key issues concern the luminosity, beam polarization and the possibility of
tagging the target electron.
The first issue is whether the luminosity is sufficiently high to allow gγ1 (x,Q
2;K2)
to be measured from the polarization asymmetry of the differential cross section,
according to eq.(2.13). The total, polarization averaged, cross-section σ is expressed
in terms of the photon structure functions F γ2 (x,Q
2;K2) and F γL(x,Q
2;K2) by
σ = α3
∫ ∞
0
dQ2
Q4
∫ 1
0
dxe
xe
∫ ∞
0
dK2
K2
∫ 1
xe
dx
x
xe
x
Pγe
(xe
x
)
×
[
F γ2
(
1− Q
2
xes
+
1
2
Q4
x2es
2
)
− 1
2
F γL
Q4
x2es
2
]
(5.1)
where Pγe(z) = (1+(1−z)2)/z. To find an initial estimate, we again work to leading
order in Q2/xes, so retain only the F
γ
2 contribution. The polarization asymmetry is
given by (2.11),
∆σ =
α3
s
∫ ∞
0
dQ2
Q2
∫ 1
0
dxe
xe
∫ ∞
0
dK2
K2
∫ 1
xe
dx
x
∆Pγe
(xe
x
)
gγ1 (x,Q
2;K2)
(
1− Q
2
2xes
)
.
(5.2)
To estimate these cross-sections, we use the dominant contribution to the mo-
ments, viz.∫ 1
0
dx xn−1F γ2 (x,Q
2;K2) ' α
4pi
an+1 log
Q2
Λ2
, n ≥ 1, odd∫ 1
0
dx xn−1gγ1 (x,Q
2;K2) ' α
4pi
bn+1 log
Q2
Λ2
, n ≥ 3, odd , (5.3)
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where an+1, bn+1 are known [51,52]. Taking the inverse Mellin transform, we deduce
F γ2 '
α
4pi
a(x) log
Q2
Λ2
gγ1 '
α
4pi
b(x) log
Q2
Λ2
, (5.4)
where numerically a(x) and b(x) are approximately constant, with 1.2 < a(x) < 1.6
for 0.3 < x < 0.9. For the estimates below, we take a(x) ' a¯ ' 1.5 with the same
value for b(x) ' b¯. Placing upper and lower limits on the integrations over Q2, K2,
xe and x, we therefore find [6]:
σ ' α
4
2pi
a¯
1
Q2min
log
Q2min
Λ2
log
K2max
K2min
log
xmaxe
xmine
log
xmax
〈xe〉
∆σ ' α
4
2pi
b¯
1
s
log
Q2max
Q2min
log
〈Q2〉
Λ2
log
K2max
K2min
log
xmaxe
xmine
log
xmax
〈xe〉 , (5.5)
where 〈Q2〉 is the geometric mean of Q2max and Q2min, and similarly for xe. The ratio
∆σ/σ is therefore
∆σ
σ
' 1
2
Q2min
s
log
Q2max
Q2min
[
1 + log
Q2max
Λ2
(
log
Q2min
Λ2
)−1]
. (5.6)
The experimental cuts are chosen as follows. We take K2min ' 0.1 GeV2 and
K2max ' 2 GeV2, above the non-perturbatively interesting region K2 ∼ m2ρ where the
first moment of gγ1 (x,Q
2;K2) rises from 0 to its asymptotic value. For the Bjorken
variables, we choose νmaxe = νmax ' s/2 from (2.1), and νmine = νmin ' Q2min/2 to
ensure xe and x greater than zero, while Q
2
max ' s/2. Finally, the lower cut Q2min is
retained as a free parameter which we will vary in order to optimise the asymmetry
∆σ/σ while retaining a sufficiently high total cross-section.
With these cuts, we find [6, 8]
σ ' 10−9 1
Q2min
log
Q2min
Λ2
(
log
s
Q2min
)2
, (5.7)
while
∆σ
σ
' 1
2
Q2min
s
log
s
2Q2min
[
1 + log
s
2Λ2
(
log
Q2min
Λ2
)−1]
. (5.8)
Notice in particular the relative 1/s supression of the polarization asymmetry. This
explains why a moderate energy e+e− collider is best suited to the polarized QCD
studies proposed here. The CM energy of B factories such as Super-B, with
√
s =
10.6 GeV, is ideal.
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Figure 3: The total cross-section σ, measured in pb, for the inclusive reaction e+e− → e+e−X
plotted against the lower cut-off Q2min in GeV
2. The corresponding polarization asymmetry ∆σ/σ
is shown in the right-hand figure.
In Fig. 3, we plot σ (in pb) and ∆σ/σ for the Super-B
√
s over the range of
Q2min from 1 to 10 GeV
2. As is clear from the formulae above, we see that as Q2min
is increased, the asymmetry ∆σ/σ increases, but at the cost of reducing the total
cross-section σ. A reasonable compromise is therefore to take Q2min ' 2 GeV2, which
gives σ ' 10 pb with an asymmetry ∆σ/σ = 0.1.
The extremely high luminosity of Super-B means that this cross-section is suf-
ficient to give a large number of events. The design luminosity is 1036 cm−2s−1 and
ref. [3] quotes a potential annual integrated luminosity L = 12 ab−1. With the above
choice of the Q2min cut, this corresponds to N = Lσ = 10
8 events/year, with a 10%
polarization asymmetry. To check the statistical significance of this asymmetry, we
require ∆N/
√
N  1 and with these cuts we find ∆N/√N = √Lσ∆σ/σ ' 103. Of
course, to measure the first moment sum rule for gγ1 (x,Q
2;K2) we need to distribute
these events into sufficient Q2 and K2 bins, but with such a high event rate even
the differential cross-section d2∆σ/dQ2dK2 should be easily measurable with high
precision.
The second main accelerator issue is polarization. In order to measure the po-
larization asymmetry, both beams need to be polarized. At present, the Super-B
design only envisages polarizing the low-energy beam, as required for example for τ
polarization studies, but there appears to be no insurmountable technical obstacle
to polarizing both beams given sufficient physics motivation, which we believe an
extensive programme of polarized QCD physics provides.
The polarization scheme designed for Super-B is described in detail in chapter 16
of ref. [3] (see also [5]). It involves the continuous injection of transversely polarized
electrons into the low-energy ring (LER) and subsequently use of an arrangement
of spin rotator solenoids to bring the electron polarization into longitudinal mode
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at the intersection region. The LER is chosen simply because the strength of the
solenoids scales with energy. The design estimates that polarization efficiencies in
excess of 70% at high luminosity can be sustained.
Finally, to measure the K2 dependence of gγ1 (x,Q
2;K2) in detail in the dynam-
ically interesting region K2 < 1.5 GeV2, we need to tag the ‘target’ electron at
sufficiently small angles, since K2 = 4E2E
′
2 sin
2(θ2/2). Ideally, we would like to be
able to detect the electron at very small scattering angles θ2, to allow for small values
of K2 to be measured for comparatively large energies E ′2. This raises the critical
issue of detector acceptance.
The Super-B detector [4], which is based on a major upgrade of BABAR, can
detect particles with angles greater than 300 mrad to the beam direction (see Fig. 1
of ref. [4] for an overview sketch of the planned detector). It is not clear whether
it would be possible to add small angle detectors capable of tagging an electron at
angles around 50-100 mrad [43] to the proposed design. However, as we now show,
the comparatively modest beam energy of Super-B (taking E2 = 4.18 GeV from the
low-energy ring) means that even the detector acceptance of 300 mrad will in fact
allow the target electron to be tagged with the required values of K2 while satisfying
the kinematical constraints for deep-inelastic scattering.
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Figure 4: The left-hand figure (4a) shows a contour plot of Q2 from 5 to 60 GeV2 for a range of
electron scattering energies and angles E′1 and θ
′
1. The analogous contour plot for K
2 is shown in
the right-hand figure (4b). This shows how the important region 0.2 < K2 < 1.5 GeV2 is accessible
with target electron scattering energy in the range 0.5 < E′2 < 2.5 GeV
2 with angle θ2 greater than
the detector acceptance 300 mrad.
The dependence of Q2 on E ′1 and θ
′
1, and the dependence of K
2 on E ′2 and θ
′
2,
are given in eq.(2.1) and illustrated in the contour plots in Fig. 4. The Q2 plot
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shows that the full range of desired values from the optimal cut Q2min ' 2 GeV2
up to Q2max ' s/2 can be easily realised for scattering angles θ′1 > 300 mrad and
energies E ′1 from 2-5 GeV. The required range K
2 . 1.5 GeV2 is shown by the
series of curves in the lower left of the contour plot Fig. 4b. This shows that the
whole range 0.2 < K2 < 1.5 GeV2 can be covered by tagging the electron with
300 mrad < θ′2 < pi/4 and energy E
′
2 in the range 0.5 < E
′
2 < 2.5 GeV. We conclude
that, coupled with the large number of events in this range guaranteed by the ultra-
high luminosity, the Super-B detector will indeed be able to cover the range of K2
and Q2 necessary to measure the gγ1 (x,Q
2;K2) sum rule.
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Figure 5: The left-hand figure (5a) shows a contour plot of xe = Q2/2νe over a range of E′1 and
θ1. The right-hand figure (5b) shows the corresponding plot for x = Q
2/2ν as a function of E′2 and
θ2 for values E
′
1 = 4.5 GeV, θ1 = pi/3. Satisfying the constraint x < 1 near the detector acceptance
angle θ2 ' 300 mrad imposes an upper bound E′2 < 2.5 GeV.
We also need to check the constraints on the remaining DIS variables. From
the derivation of the cross-sections involving gγ1 , we require the hierarchy νe > ν >
1
2
(Q2 + K2), since clearly the hadronic invariant momentum W 2 > 0, as well as
xe = Q
2/2νe < 1 and x = Q
2/2ν < 1. Expressions for νe and ν in terms of the
scattering energies and angles are given in eq.(2.1), and we also have the following
useful relation
νe − ν = E ′2
[
E1(1 + cos θ2)− E ′1
(
1 + cos(θ1 − θ2) + sin θ1 sin θ2(1− cosφ)
)]
(5.9)
The condition xe < 1 is satisfied provided only that E
′
1 is not too big, and from
Fig. 5a we see that E ′1 . 5 GeV is sufficient. The condition x < 1 is however much
more stringent and places an important upper bound on E ′2, which reduces as the
maximum value of E ′1 increases. From Fig. 5b we see that to maintain x < 1 with
E ′2 . 2.5 GeV at θ2 = 300 mrad, we have to cut off E ′1 and θ′1 at around 4.5 GeV and
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pi/3 respectively, corresponding to Q2 ' 30 GeV2. This is nevertheless a perfectly
acceptable upper cut-off on Q2 for the DIS analysis. This maximum value of E ′2 is
necessary to optimise the available data in the required low K2 region, as shown
above. We can then show, using (5.9) and numerical plots, that νe > ν provided
θ2 is below an upper bound of around pi/3, so we confirm that the full hierarchy
νe > ν >
1
2
(Q2 +K2) holds for the range of variables already determined.
In summary, all the kinematical constraints for the DIS analysis of the first
moment sum rule for gγ1 (x,Q
2;K2) are satisfied with scattering angles and energies
allowing measurements of Q2 in the range 2 < Q2 < 30 GeV2 with K2 satisfying
0.2 < K2 < 1.5 GeV2, provided we tag both electrons with 2 . E ′1 . 4.5 GeV,
θ1 . pi/3 and 0.5 < E ′2 < 2.5 GeV, θ2 . pi/4 with both electrons scattered within
the detector acceptance θ1, θ2 > 300 mrad.
Finally, we discuss briefly the prospects for measuring exclusive processes at
Super-B, such as the two-photon production of pseudoscalar mesons through e+e− →
e+e−P . The kinematics relating the invariants Q2, K2, νe and ν¯e to the observed
electron scattering angles and energies is given in eq.(2.1) as described above. In
the exclusive case, however, ν is fixed by the constraint W 2 = m2P , while now the
DIS constraints on Q2 and νe are no longer relevant. Tagging both electrons allows
the off-shell meson transition functions gPγ∗γ∗(Q
2, K2) to be measured for essentially
arbitrary values of Q2 and K2, including very soft photons with Q2 and/or K2 down
to around 0.2 GeV2, limited only by the detector acceptance. Knowledge of these
transition functions will feed directly into eqs.(4.1) for the non-perturbative form
factors characterising the first moment of gγ1 (x,Q
2;K2).
The differential cross-section for e+e− → e+e−P was derived in eq.(4.9). As
already explained, since γ∗γ∗ → P for pseudoscalar P = pi, η, η′ is determined by a
single form factor, the transition functions can be obtained with unpolarized beams.
The polarization asymmetry would of course give new information for two-photon
production of higher-spin mesons which are characterised by more than one form
factor. Note also from (4.9) that in the exclusive case, the polarization asymmetry of
the differential cross-section is suppressed by a double factor O(Q2K2/s2) compared
to the single suppression O(Q2/s) for the inclusive process. The ultra-high luminosity
of Super-B will allow a much-improved study of the off-shell transition functions
gPγ∗γ∗(Q
2, K2) with both Q2 and K2 specified compared to the existing data from
CELLO [18], CLEO [19] and BABAR [20–22].
In conclusion, we have shown how the unique combination of moderate energy,
polarization and ultra-high luminosity, together with its detector capability, means
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Super-B has the ideal characteristics to support an ambitious programme of two-
photon QCD physics. This includes, but is not limited to, the investigation of
pseudoscalar meson transition functions, with their relevance to the muon g − 2,
and the photon structure functions gγ1 (x,Q
2;K2) and gγ2 (x,Q
2;K2), including the
potential to make the first experimental measurement of the first moment sum rule
for g1(x,Q
2;K2). This will give direct experimental input into many interesting the-
oretical issues in QCD, including chiral symmetry breaking, U(1)A dynamics, gluon
topology and anomalous chiral symmetry. All this provides strong motivation for in-
cluding polarized two-photon QCD physics as an important element of the research
programme planned for Super-B.
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